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1 Abstract

Contemporary neural networks such as Convolutional Neural Networks (CNN)’s

rely on a constrained set of linear-algebra premises. We describe a novel Hamil-

tonian Logic Network (Hnet) which derives from simple principles of binary logic

operations, with an aim of working toward an architecture of neuro-symbolic

AI. The Hnet performs classification and recognition and constructs part-whole

relations and hierarchies using the intrinsically low-cost architecture of binary

nodes and bit-wise arithmetic operations. By compositing these relationships

using Hamiltonian hierarchies, we are able to create a sparse, non-adjacent tiling

of any space. The Hnet’s capabilities are demonstrated on two classical datasets:

the MNIST characters dataset and UCI’s German Credit dataset.
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2 Introduction

Deep learning is a subset of machine learning which seeks to address the short-

comings of the field in high-dimensional space [3]. Deep learning refers to the

use of multi-layer (deep) neural networks. The layers of a deep neural network

consist of teachable ”nodes [...] many of which compute non-linear input-output

mappings” [10]. Each node can be considered as its own linear regression model

with individual weights and threshold values [14]. A node’s output value is

determined by the following pair of equations [14]:

(1)

m∑
i=1

wixi + bias = w1x1 + w2x2 + w3x3 + ...+ bias

(2) output =


1 if

∑m
i=1 wixi + b ≥ 0

0 if
∑m

i=1 wixi < 0

A node’s activation, therefore, depends heavily on its weights w⃗ for a given input

vector x⃗. Weights almost always take the form of extremely precise floating-

point numbers. Their precision allows deep neural networks to endlessly tweak

and adjust themselves.

Deep neural networks are able to handle large amounts of raw input data,

while traditional ”shallow” networks — networks with at most a few layers —

require preprocessing work to be done by humans. Deep neural networks also

perform ”end-to-end” learning; beginning with just raw data and a goal, they

are able to figure out for themselves how to complete their task with the data

given [24]. While shallow networks plateau the more data is provided to the

network, deep networks can scale endlessly [24]. Deep neural networks therefore

proved to be the forefront of machine learning’s attempt to find structure in

high-dimensional data [10].
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2.1 Convolutional Neural Networks

One of the most popular types of deep neural networks is the Convolutional

Neural Network (CNN), which specialize in classification and image recognition

tasks [2]. Some examples include identifying handwritten numbers [4, 11] and

large-scale image classification [9, 18, 21, 6].

CNN’s are made up of three types of layers: convolutional layers, pooling

layers, and a fully-connected layer [2]. Convolutional layers rely on feature de-

tectors which compute weighted the dot products of filter values against pixel

values of an image. In addition to typical gradient descent, these weights are

updated by layers further along in the network in a process known as back-

propagation [11]. Before passing their values to the next layer, convolutional

layers often run their outputs through a ReLu activation function (Equation 3)

to introduce non-linearity. [2, 10]

(3) x = max(x, 0)

Pooling layers of a CNN perform dimensionality reduction from the outputs of

the convolutional layers. These pooling layers allow CNN’s to combine low-

level features into high-level features [10]. The reduced outputs of the pooling

layers are then passed to the fully-connected layer, a typical deep neural network

structure which uses a softmax activation function to classify images or identify

features [2].

2.2 Recurrent Neural Networks

While CNN’s are excellent at performing classification and image-feature recog-

nition, Recurrent Neural Networks (RNN’s) specialize in sequential data, such

as speech and language recognition [16, 10]. RNN’s use input data which is

6



given in a sequence, incorporating each datapoint (such as a word or charac-

ter) into its own layer. The high-cost process of gradient descent paired with

backpropagation allows RNN’s to become the foremost model for many different

tasks. They are able to predict the next value in a sequence: such as a letter,

word, or even a paragraph [20, 13]. Training an RNN on multiple languages

has created advances in translation [1]. RNN’s can even start to ”memorize”

complicated narratives and answer questions about them [5, 22, 23].

2.3 Neuro-Symbolic AI

CNN’s and RNN’s have begun to approach ”comprehension,” a complicated

understanding of data and the ability to answer questions about it. However,

current neural networks rely on endless amounts of data and processing power to

achieve a semblance of human-style comprehension [15]. Neuro-symbolic net-

works attempt to re-think the high-precision architecture of traditional deep

neural networks in favor of ”symbolic representations of problems and logic”

[15]. Instead of focusing on a single task, neuro-symbolic architecture attempts

to create a foundation of basic rules or relations. It then builds this basic ar-

chitecture into complex representations and relations. Thus, neuro-symbolic AI

places emphasis on part-whole relations and tree-like parent-child relationships

[12, 19]. These relationships greatly reduce the need for large amounts of data

and processing power.

An early attempt at this kind of architecture was Geoffrey E. Hinton et al’s

capsules [17]. Capsules are a ”group of neurons” with a corresponding ”activity

vector” [17]. Activity vectors store ”instantiation parameters” for an ”object

or an object part” [17]. Thus, the part-whole relationships of objects are em-

bedded in capsule architecture. These capsules are organized in a hierarchy:

layers of the deep neural network are linked through parent-child relationships
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between capsules. This architecture creates the desired part-whole structure

using a ”routing-by-agreement” mechanism. The routing-by-agreement mech-

anism makes it such that a capsule prefers to ”send its output to higher-level

capsules whose activity vectors have a high scalar product with the prediction

coming from the lower-level capsule.” This model still relies on scalar products

and other linear algebra principles of neural networks. The architecture ties

directly to neuro-symbolic architecture by creating hierarchical relationships

between capsules. Thus, symbolic representations of objects and object parts

are incorporated using the architecture of the model itself.

The Compositional Language and Elementary Visual Reasoning (CLEVR)

dataset is a recent landmark in the field of neuro-symbolic AI [8]. The CLEVR

dataset contains typical reasoning questions about images filled with different

colored shapes [8]. However, the CLEVR dataset also included ”spatial rea-

soning” questions, which ”forced models to reason about objects’ relative po-

sitions.” Lacking the appropriate architecture, modern neural networks’ per-

formance showed a ”significant drop.” Many different neuro-symbolic models

have risen to meet the CLEVR or a CLEVR-like challenge [25, 7]. These mod-

els each try to create an architecture that relies on part-whole relations which

are able to build upon themselves. A few years later, the CoLlision Events

for Video REpresentation and Reasoning (CLEVRER) dataset was introduced

[26]. It contains videos of collisions between different colored shapes, and asks

descriptive, explanatory, predictive, and counterfactual questions. CLEVRER

introduced the temporal to the CLEVR dataset, forcing models to comprehend

temporal reasoning in addition to spatial reasoning. These datasets were impor-

tant because they revealed the shortcomings of traditional deep neural networks

and paved the way for neuro-symbolic AI.
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2.4 Motivation

Inspired by neuro-symbolic AI’s part-whole approach, we have designed an ar-

chitecture which creates these part-whole relations using logic operations en-

coded and composited using Hamiltonian matrices. The Hnet architecture aban-

dons the high-precision operations of previous neuro-symbolic networks in favor

of binary logic, relying on inherently low-precision operations. We intended to

create a model which is able to comprehend complex relationships by building

upon simple binary relationships.
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3 Processing Input Data

Input data is always understood by Hnet to be a directed graph. Hnet’s data

processing is most easily explained in the case of explicitly binary node data.

We will then extend our explanation to data which is not explicitly binary.

We begin with a binarized version of the MNIST characters dataset; a black

pixel is interpreted as a 1, while a white pixel as 0. Node adjacencies are the

pixels adjacent in each cardinal direction. All edges, by convention, lead from

right-to-left or top-to-bottom. Thus, in Hnet data, there is always a single sink

reachable from all nodes and a single source unreachable from any other node.

After constructing the graph, each edge must consist of one of four different

simple binary logical relationships: NOR (0,0), NCONV (0,1), NIMPL (1,0), or

AND (1,1). These binary values can also be interpreted as boolean values (T,

F). This graph of edges is our input graph for an image, ready to be trained or

tested on by Hnet.

Other datasets, such as the UCI’s German Credit dataset, consist of multiple

fields of categorical and continuous data. Again we binarize for simplicity;

in this case by binning the continuous data into categories, and then convert

all categorical data using one-hot encodings to binary data. We then build

a directed graph using the one-hot values of each possible attribute as nodes.

Following the Hnet graph structure, there is a single source node unreachable

from any other nodes, and a single sink node reachable from every other node.

It is in this manner that we create a graph made up of our four logical relations.
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4 Training

After processing our data into input graphs, we are ready to begin training the

Hnet. In order to select training and testing data, we randomly split the data

in half.

Building Hamiltonians is the key for Hnets to learn data and compare them

against components found in testing data. After building a Hamiltonian for

an input graph found in training data, the Hamiltonian is tagged with the

respective class of the input data. This information is later used in the testing

stage to identify data points to trained classes.

In order to build a Hamiltonian matrix, we create a square matrix whose rows

and columns are the number of possible values. For our two datasets, that meant

the total number of pixels or the total number of possible attributes for the credit

dataset. Before we build a Hamiltonian matrix using these components, we need

to derive the Hamiltonian matrices of each binary relation, and describe the

process by which we composite these Hamiltonians. Using the process described

above for our large Hamiltonian matrices, we can derive the simple initial binary

Hamiltonian matrices.

4.1 Deriving the Four Basic Hamiltonians

Applying a Hamiltonian matrix to a test datum yields an energy value E whose

best values are those that are lowest. Energy is calculated using the following

equation:

(4) Er =

[
x y

]
Ĥr

x
y

+ kr
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Where Er is Energy, the vector

[
x y

]
is the test data point, Ĥr is the stored

Hamiltonian, and kr is some constant associated with Ĥr which ensures that

E is non-negative. We expand Ĥr to a 4x4 matrix, which corresponds to the

Hamiltonian of a binary logic relation.

(5) Er =

[
x y

]a b

b c


x
y

+ kr

Thus:

(6) Er = ax2 + 2bxy + cy2 + kr

for a binary logic relation. We can solve this equation for a, b and c, for the four

binary pairs, shown in Figure 1.

Figure 1: The four binary relations and their corresponding energies.

We are thus able to derive the following Hamiltonians for these pairs. The

derived Hamiltonians are shown in Figure 2.

Figure 2: The four basic Hamiltonians.

Observe that these Hamiltonians also conform to the relative relationships
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of their corresponding logic operations. For example: NAND = ¬(AND) =⇒

ĤNAND = −ĤAND.

4.2 Compositing Hamiltonians

In order to construct Hamiltonians of larger sizes, such as the size of components,

we composite these basic components into larger ones. Using the basic binary

relations and their derived Hamiltonians, we can composite any dimensional

Hamiltonian matrix. We may do this by projecting each basic H into the 2-

dimensional subspace of our new composite Hamiltonian. Thus, the resulting

Hamiltonian is:

(7) H =
∑

(u,v,r,)∈R

Hu,v,r + kr

We will demonstrate using the graph α with four nodes n1, n2, n3, n4, and the

directed edges e1, e2, e3, e4:

Figure 3: Graph α. Edge colors correspond to relations: green corresponds to
NIMPL, purple to AND, and cyan to NOR.

Thus, we are able to create a Hamiltonian of dimension 4x4, as demonstrated

in Figure 4. As stated earlier, the rows and columns of a composite Hamiltonian

correspond to the number of edges in an input graph. Figure 6 shows our

completed Hamiltonian for Graph Alpha.

In this manner, we are able to composite Hamiltonians for any input graph.
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Figure 4: A demonstration in compositing a Hamiltonian for graph α. The basic
Hamiltonians of each edge of graph α are labeled and given. Next, the process
of compositing these Hamiltonians is demonstrated. Finally, the Hamiltonian
of graph α is given.
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5 Components

For each MNIST input graph, we find all connected components of length greater

than 4 and less than 25. For each connected component, we composite a Hamil-

tonian using the process described above. Each connected component is assigned

a class histogram, whose values correspond to the component’s occurrence in

each class. We call the resulting collection of components a “component bank.”

We follow a more general process for the credit dataset. Using the input

graphs of all datapoints, we unsupervisedly cluster the edges into components

based upon their co-occurence in the same datapoint. So far, we have used the

cluster methods of K-means and ICA.

Figure 5: Different types of components, shown using images from the MNIST
character dataset.

We refer to the components which are created out of the connected compo-

nents of the input graphs as “Tier 1” components. Some Tier 1 components

are shared across classes, such as the curve at the top of a two and an an

eight. Combining the observed shared components allows Hnets to discriminate

between classes using logic relationships. A particular connected component

might exist in both a two and an eight, but the combination of observed con-

nected components can only exist in a particular class, i.e. a two. Thus, the
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inclusion of Tier 1 components to our testing process allows us to improve our

discriminatory ability. It also allows us to build upon the framework of Tier

1 components. Building upon this framework allows us to create increasingly

complex and removed part-whole relationships.

5.1 Energy Vectors

After calculating the Hamiltonians for every observed component, we are able

to create energy vectors for each test image. An energy vector is of length

n, where n is the number of observed components. Each value in a training

datapoint’s energy vector is the energy of the training data vector against the

ith component’s Hamiltonian. Energy is calculated using equation (5).
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6 Testing

Testing takes advantage of the composite Hamiltonians of the connected com-

ponents which we learned during our testing phase, as well as the stored energy

vectors of the training data. In order to use these, we first create input graphs

from our testing data. We then create energy vectors for every testing datapoint

in the same way as our training data. We then find the K-nearest-neighbor train-

ing datapoint energy vector. Finally, we identify the training datapoint with

the class of the nearest training neighbor.
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7 Permutations

Permutations are our method of recognizing the same connected component in

a general area of a photograph. This method currently has only been applied

to the MNIST characters dataset. First, we assign all of our trained compo-

nents to their own group. Then, for each connected component, we apply affine

transformations to each component’s Hamiltonian. The transform of a given

Hamiltonian of a connected component is:

(8) Ĥ ′ = PT ĤP

Where P is the permutation operator. For the MNIST character dataset, these

transformations correspond to translations of a given part by a set of fixed

distances (1, 2, or 3) pixels in the four cardinal directions. After permuting

the Hamiltonians, we store the results in the group which the Hamiltonian

originated in. During testing, we assign the energy of a specific group to be

the minimum energy of any Hamiltonian in that group computed against a test

image.
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8 Meta-Components

Tier 1 components can be organized into binary relations with each other, form-

ing what we call “Meta Components.” Combining components can be done ad

infinitum, forming more complex symbolic representations of the data. This

process corresponds to our goal of creating a neuro-symbolic like architecture

which is able to composite basic rules for complex comprehension. The method

by which we place Tier 1 components in relation to each other differs from

dataset to dataset. In both cases, we create a sparse tiling of the input space.

For MNIST characters, we use the visual nature of the images to create

Meta Components. We take advantage of this by using the spatial relationships

of connected components to create a 9x9 square graph which we are able to

composite into a Hamiltonian. We then use these meta-relationships of the

components in order to create the energy vectors for our training and testing

images.

Meanwhile, for the credit dataset, we create a fully-connected graph of Tier-1

components found in each training datapoint. Activation of a node in each graph

is determined by an energy threshold of each Tier 1 Hamiltonian computed

against its respective datapoint. We then unsupervisedly cluster these edges

into n different Meta Components using K-means or ICA. As in the MNIST

dataset, we then use these Meta Components to create the energy vectors for

our training and testing images.
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9 Sample Results

Included in this section are actual outputs from sample runs on each dataset.

9.1 MNIST Outputs

We described how Tier 1 components are constructed in the section Compo-

nents. Tier 1 components in the MNIST dataset are made up of actual edges

from the source images. The goal of our model was to create a sufficient basic

structure and the ability to composite this structure into more complex rep-

resentations of data. Our basic structure of binary logic relations was able to

build upon its own simple rules to create these complex relations. The com-

ponents shown below are examples of this part-whole architecture. Individual

pixels and edges are visible in Figures 6 and 7. These edges have been grouped

together into these components, forming a parent-child relationship typical of

neuro-symbolic architecture.
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Figure 6: The displayed edges correspond to the relations for a pair of connected
pixels. In this figure, we indicate the pixel values using directed edges. The blue
side of an edge corresponds to a pixel value of 0, while the red side corresponds
to a pixel value of 1.
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Figure 7: The displayed edges correspond to the relations where for a pair of
connected pixels. See Figure 1 for further description.
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During testing and training, we are able to compute class histograms for all

Tier 1 components.

Figure 8: On the horizontal axis of the histogram is the component ID or ”num.”
On the vertical axis is the class label (the characters 0-9). The class histogram
is a heatmap of each component’s predictability for every class. The hotter the
section, the more predictive the corresponding component for the corresponding
class. This is the class histogram of Tier 1 components against training data.

Figure 9: The class histogram for Tier 1 components against testing data. See
Figure 8 for more information on class histograms.
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9.2 UCI Credit Outputs

In the Components section, we described how Tier 1 components are con-

structed out of the UCI Credit dataset. Because the dataset is not inherently

pictoral, we record these components using what we call ”circle diagrams.” Our

entire architecture is dependant upon logic relations. Therefore, these compo-

nents are a natural composition of these relations. Following in the part-whole

structure of neuro-symbolic AI, our architecture builds upon basic symbolic rep-

resentations to create complex ones. These circle diagrams are demonstrations

of how these basic logic relationships can be composited to comprehend data.
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Figure 10: A Circle Diagram for Component 32. Each node on Tier 1 circle
diagram corresponds to a possible binned category. Nodes with non-zero degree
have their labels printed. These labels are shorthand provided by the dataset.
As in the Tier 1 components of the MNIST dataset, the edges are directed,
with heat describing direction. Some components contain nodes connected by
a green AND. These connections are between two activated nodes.
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Figure 11: Another example of a Tier 1 circle diagram.
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As with the MNIST dataset, we are able to create class histograms for Tier

1 components from the UCI credit dataset. As in the MNIST class histograms,

the component ID is given on the horizontal axis, while the class label is given on

the vertical axis. The hotter the section, the more predictive the corresponding

component for the corresponding class.

Figure 12: A class histogram for Tier 1 components on the training data. See
Figure 8 for more information on class histograms.

Figure 13: A class histogram for Tier 1 components on the testing data. See
Figure 8 for more information on class histograms.
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9.2.1 Meta Components

We described how Meta Components were constructed in the section Meta

Components. Just as our foundational logic relations were composited into

Tier 1 components, we composite those Tier 1 components into Meta Com-

ponents. We preserve the low-cost hierarchical structure of our architecture,

but increase the complexity of our model’s comprehension of the data. These

symbolic and literal parent-child and part-whole relationships are directly a re-

sult of our base architecture. This structure is aimed towards a neuro-symbolic

understanding of machine learning.
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Figure 14: A diagram of Meta Component 5. We also use circle diagrams to
show Meta Components. However, the nodes in the circle diagram of a Meta
Component represent Tier 1 components, instead of possible attributes.
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We also were able to create class histograms for the Meta Components. They

follow the structure of the previous class histograms.

Figure 15: A class histogram for Meta Components on the training data. See
Figure 8 for more information on class histograms.

Figure 16: A class histogram for Meta components on the testing data. See
Figure 8 for more information on class histograms.
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10 Performance

We want to stress that it is not our intention to join the current mad rush for

accuracy percentages. Instead, our goal is to present a neural network structure

that offers a novel approach for the problems that current neural networks do not

readily handle. Rather than as a substitute, the presented Hnet method could

be used as an adjunct to other ANN methods, such that the Hnet provides

enriched symbolic representations that otherwise would not be identified.

Presented in this section are the results of several tests. In the following

tables, we show accuracy on testing and training datasets. The first two tables

show results for the UCI Credit dataset. The second two tables each show a

run on the MNIST characters dataset.

In the leftmost ”analysis” column, the table lists which combination of meth-

ods was run. Runs which are labeled with ”metacred” created Meta Compo-

nents out of the UCI credit dataset and created energy vectors using them.

Runs with the label ”basiccred” only constructed Tier 1 components and cre-

ated energy vectors using those. The second section in an ”analysis” title gives

the clustering method for the Tier 1 components: k-means, ICA, or ICA where

many components are cropped. The third section gives the clustering method

for Meta Components. If a run title only consists of ”basiccred,” then the run

used Tier 1 components cropped extremely heavily by ICA. For the runs on

the MNIST dataset, both runs use Tier 1 components that have been cropped

down by ICA to only 100 total components. These runs are titled ”basicimginit-

connected.25.”

The columns “tstacc” and “trnacc” give the accuracies for Hnet on the test-

ing and training datasets, respectively. The following columns should be consid-

ered benchmarks. The columns “pixeltstacc” and “pixeltrnacc” give accuracy

using simply the raw binarized data, as if we did not use an Hnet at all. Finally,
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the columns “edgetstacc” and “edgetrnacc” is the accuracy if we used the edges

amongst features to create energy vectors instead of the components the edges

form.
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